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About Me!

I am Nick:
• PhD in supersonic combustion, 2019
• Started as postdoctoral fellow @ UQ in 2020
• Senior Engineer (Eilmer) and Hypersonic CFD Researcher

n.gibbons@uq.edu.au

nicholas-gibbons-67342555
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About Me: The Gasdynamics Toolkit

GDTk is a collection of software tools for analysing hypersonic flow:

• Includes our flagship compressible flow code Eilmer
• Specialised tools for facility design and more
• Maintained at UQ and UniSQ
• Free and Open-Source

Project Website:

Apollo capsule at 18.6° angle of attack
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https://gdtk.uqcloud.net/


Today’s Talk: A Modernised Approach for Solving Chemical Equilibrium

I’ve written an equilibrium chemistry solver called equilibrium-c:
• Hybrid C/Python solution of the thermochemimcal equations [1]
• Improved numerical method for tighter convergence and more stability
• Automated tests, better performance, easier scripting etc.

Link:
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https://github.com/uqngibbo/equilibrium-c


Today’s Talk: A Modernised Approach for Solving Chemical Equilibrium

There’s also a paper (preprint) which has much more detail:

Link:
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https://arxiv.org/abs/2412.07166


Why Equilibrium Chemistry?

Chemical Reactions are a hallmark of hypersonic flow:
• When reactions are fast, much simplification is possible

Finite-Rate Reactions Chemical Equilibrium

Unreacted Flow Fully Reacted Flow

Chemically Frozen Flow
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How do we solve for Thermochemical Equilibrium?

For a gas in a fixed temperature and pressure scenario, minimise the Gibbs Energy, G:

𝐺 = 𝑈 + 𝑝𝑉 − 𝑇 𝑆
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How do we solve for Thermochemical Equilibrium?

For a gas in a fixed temperature and pressure scenario, minimise the Gibbs Energy, G:

𝐺 = 𝑈 + 𝑝𝑉 − 𝑇 𝑆

Introduce the unusual composition quantity 𝑛𝑠:

𝑛𝑠 = 𝑁𝑠
𝜌𝑉

Solve for the minima of the specific Gibbs energy g:

𝑔 = ∑
𝑠

𝑛𝑠𝐺𝑠(𝑝, 𝑇 , 𝑛0, 𝑛1, 𝑛2, …)

𝜕𝑔
𝜕𝑛𝑠

= 0 𝑠 = (0, 1, …𝑁species)
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A Constrained Minimisation Problem

We have some constraints, usually a fixed initial composition: 𝑛0
𝑠

• Atomic nucleai are conserved in chemical reactions, so the constraint can be written:

∑
𝑗

𝑎𝑗𝑠𝑛𝑠 − 𝑎𝑗𝑠𝑛0
𝑠 = 0

• Matrix 𝑎 keeps track of which elements are in which species. For example:

𝐶𝑂2 ⇋ 𝐶𝑂 + 1
2

𝑂2

a = 1 1 0
2 1 2

C

O

CO2 CO O2
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A Constrained Minimisation Problem

Using the Method of Lagrange Multipliers

ℒ = ∑
𝑠

𝑛𝑠𝐺𝑠(𝑝, 𝑇 , 𝑛𝑠) + ∑
𝑗

𝜆𝑗(∑
𝑗

𝑎𝑗𝑠𝑛𝑠 − 𝑎𝑗𝑠𝑛0
𝑠)

Solve for 𝜕ℒ
𝜕𝑛𝑠

= 0 and 𝜕ℒ
𝜕𝜆𝑗

= 0:
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A Constrained Minimisation Problem

Using the Method of Lagrange Multipliers

ℒ = ∑
𝑠

𝑛𝑠𝐺𝑠(𝑝, 𝑇 , 𝑛𝑠) + ∑
𝑗

𝜆𝑗(∑
𝑗

𝑎𝑗𝑠𝑛𝑠 − 𝑎𝑗𝑠𝑛0
𝑠)

Solve for 𝜕ℒ
𝜕𝑛𝑠

= 0 and 𝜕ℒ
𝜕𝜆𝑗

= 0:

𝐻𝑠 − 𝑇 𝑆∘
𝑠

𝑅𝑢𝑇
+ ln(𝑛𝑠

𝑛
) + ln( 𝑝

𝑝∘ ) + ∑
𝑗

𝜆𝑗
𝑎𝑗𝑠

𝑅𝑢𝑇
= 0 (𝑠 = 0, …, 𝑁species)

∑
𝑠

𝑎𝑗𝑠𝑛𝑠 − 𝑎𝑗𝑠𝑛0
𝑠 = 0 (𝑗 = 0, …, 𝑁elem)

∑
𝑠

𝑛𝑠 − 𝑛 = 0
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Numerical Method: Custom Multidimensional Newton Solver

Start with a guess and iteratively solve a matrix expression for corrections:

𝐽Δ�̃� = −𝐹(�̃�)
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Numerical Method: Custom Multidimensional Newton Solver

Start with a guess and iteratively solve a matrix expression for corrections:

𝐽Δ�̃� = −𝐹(�̃�)

A couple of complicating factors:
• We actually want to solve for ln(𝑛𝑠)
• Most of the rows of 𝐽  have only a single entry in them
• We can borrow an analytic substitution trick from [1]
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Numerical Method: Custom Multidimensional Newton Solver

Each step solves a linear system for equations:

∑
𝑖

∑
𝑠

𝑎𝑗𝑠𝑎𝑖𝑠𝑛𝑠𝜋𝑖 + ∑
𝑠

𝑎𝑗𝑠𝑛𝑠Δ ln(𝑛) = ∑
𝑠

𝑎𝑗𝑠𝑛0
𝑠 − 𝑎𝑗𝑠𝑛𝑠 + ∑

𝑠

𝑎𝑗𝑠𝑛𝑠𝐺𝑠

𝑅𝑢𝑇

(𝑗 = 0, …, 𝑁elem)

∑
𝑖

∑
𝑠

𝑎𝑖𝑠𝑛𝑠𝜋𝑖 + (∑
𝑠

𝑛𝑠 − 𝑛)Δ ln(𝑛) = 𝑛 − ∑
𝑠

𝑛𝑠 + ∑
𝑠

𝑛𝑠𝐺𝑠
𝑅𝑢𝑇

Then get the change in composition directly:

Δ ln(𝑛𝑠) = Δ ln(𝑛) + ∑
𝑗

𝑎𝑠𝑗𝜋𝑖 − 𝐺𝑠
𝑅𝑢𝑇
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Problems

Of course, it doesn’t always work:
• Underrelaxation factor Λ based on ∑𝑠 𝑛

Λ = min(1, 1
2

| ln(𝑛)|
|Δ ln(𝑛𝑠)|

)

ln(𝑛𝑠)new = ln(𝑛𝑠)old + ΛΔ ln(𝑛𝑠)
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• Solve for ln(𝑛𝑠) and compute 𝑛𝑠, NEVER the other way around

𝑛𝑠 × ln(𝑛𝑠) → 0
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• Check for convergence using a modified residual:
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Problems

Of course, it doesn’t always work:
• Check for convergence using a modified residual:

𝜀 = √∑
𝑠

𝑛𝑠𝐹 2
𝑠 + ∑

𝑗
𝐹 2

𝑗 + 𝐹 2
𝑛

𝐹𝑠 = 𝐻𝑠 − 𝑇 𝑆∘
𝑠

𝑅𝑢𝑇
+ ln(𝑛𝑠

𝑛
) + ln( 𝑝

𝑝∘ ) + ∑
𝑗

𝜆𝑗
𝑎𝑗𝑠

𝑅𝑢𝑇
(𝑠 = 0, …, 𝑁species)

𝐹𝑗 = ∑
𝑠

𝑎𝑗𝑠𝑛𝑠 − 𝑎𝑗𝑠𝑛0
𝑠 = 0 (𝑗 = 0, …, 𝑁elem)

𝐹𝑛 = ∑
𝑠

𝑛𝑠 − 𝑛
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Example Calculation: 5 Species Air

Lots of facility calculations use a mixture of N₂, O₂, NO, N, O:

    from numpy import array
    import eqc
    
    spnames = ['N2', 'O2', 'N', 'O', 'NO']
    T = 2500.0
    p = 0.1*101.35e3
    Xs0 = array([0.767, 0.233, 0.0, 0.0, 0.0])
    
    eq = eqc.EqCalculator(spnames)
    Xs1 = eq.pt(p, T, Xs0, 1)
    
    print("Xs1: ", Xs1)
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Example Calculation: 5 Species Air

Lots of facility calculations use a mixture of N₂, O₂, NO, N, O:
• Let’s compare against CEA [1]:

N₂ O₂ NO N O
eqc 0.747849 0.209004 7.93101e-07 0.0207964 0.0223493
CEA 0.74785 0.20900 7.93200e-07 0.020799 0.022349
error 0.0% 0.0% 0.01% 0.01% 0.0
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Example Calculation: 5 Species Air

Lots of facility calculations use a mixture of N₂, O₂, NO, N, O:
• Let’s compare against CEA [1]:
• We can verify by finite differencing the Lagrangian ℒ

N₂ O₂ NO N O
eqc 0.747849 0.209004 7.93101e-07 0.0207964 0.0223493
CEA 0.74785 0.20900 7.93200e-07 0.020799 0.022349
error 0.0% 0.0% 0.01% 0.01% 0.0

𝑑ℒ
𝑑𝑛𝑠
ℒ

0.0 −2.29e-10 0.0 0.0 −2.14e-9
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Thanks!

• The GDTk Team: Rowan, PJ, Kyle, Reece, and Rob
• Vince Wheatley
• Typst
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Postshock Ionisation Map: Electron Number Density
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